ON RECURRENCE AND POWER WEAKLY MIXING
PROPERTIES OF INFINITE MEASURE PRESERVING
TRANSFORMATIONS

PRAPHRUETPONG ATHIWARATKUN AND CESAR E. SILVA

ABSTRACT. We explore two properties of infinite measure preserving
transformations. We examine a T that is recurrent but not 2-recurrent
which implies that T' x T is not conservative. We have added a proof
that T x T2 is also not conservative.

In addition, we introduce conditions that imply power weak mixing
property for cutting and stacking transformations with arbitrary number
of cuts and tower spacers.

1. PRELIMINARY

In this paper, we are interested in a certain class of transformations de-
fined recursively on (X, £(X), u) for X C R called cutting and stacking
transformations. It can be shown that cutting and stacking transforma-
tions are invertible and measure-preserving. Let X C R and (X, £(X), )
be a Lebesgue measure space on X. A general construction of cutting and
stacking transformations can be represented by a column, an ordered list
consisting of equal-length intervals. We always start from column Cy which
consists on one interval Iy o. Generally, we can write the n column, C,,, as

Cn - {In,Ov In,l; te 7In,hn71}

where each I, ; is called the jth level in the column C,, and h,, is the height
or the number of levels in C,,.
1
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Ficure 1. Column C,

The transformation is partially defined in each C), by the implicit order
in that 7' map points (except in the top level) to the points directly above
it in the column structure. Note that T'(I, ;) = Ip j+1 for j < h, — 1.
The mapping on the topmost level I, 5, 1 will be defined further in higher
columns.

A construction of Cj, 41 from C), and spacers called cutting and stacking
completely specify a transformation. The column C),y; is formed by cutting
C, vertically into 7, subcolumns of equal length. Spacers of length equal
to that of a subcolumn can be added on top.

I Cn,l Cn,? Cn,rn—l
n,h,—1 \
In,hn—Q
> Iun
jn,l
In,O }

Column C,,

FIGURE 2. Subcolumns in C,,

Spacers are added in such a way the transformation are defined on all
points in the domain X. These subcolumns of C), are stacked from left to
right to form C,,41. That is, the top level of one subcolumn is mapped to
the bottom level of the subcolumn to its right. Observe that the column
Ch+1 preserves the transformation defined in C,.

The cutting and stacking transformations are part of a more general class
of transformations called rank one. We give the definition below.
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Ficure 3. Cutting and stacking

Definition 1.1. A transformation is of rank one if it can be completely
described by a sequence of columns {C}, },,>0 with the following properties.

(1) Cp41 is a refinement of C,. That is, a given level in C),, can be
written as a finite union of levels in Cj41.

(2) The collection of C = |J,;2, Cy, forms a sufficient semi-ring. That
is, for any given measurable set A of positive measure, for a given
€ > 0, there exists elements H that is a finite union of elements in C

such that
WAAH) < e.
(3) In addition, the union of elements in C), exhausts the space mod pu.
That is,
oo Jn

p | X\ )| =0

n=1j=1
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2. NON 2-RECURRENT TRANSFORMATION

Definition 2.1. Let (X, S, 1) be a measure space. A transformation 7' is
said to be recurrent if for a given set A of positive measure, there exists
a null set N C A such that for any z € A\N, there exists an integer
n =n(x,A) > 0 such that T"(z) € A.

That is, a transformation is recurrent if almost every point in a set A
eventually evolve under the transformation back to the original set. We
note that a recurrent transformation is also equivalent to a conservative
transformation.

Definition 2.2. Let (X, S, ) be a measure space. A transformation T is
conservative if for a given set A of positive measure, there exists an integer
n =n(A) > 0 such that

W(T~"(A) N A) > 0.

Theorem 2.3. A measure preserving transformation 7' is recurrent if and
only if it is conservative.

Readers may refer to proof in [9].

A transformation 7' is said to be k recurrent (k > 0) if for a given set A
of positive measure, there exists an integer n > 0 such that

WANT (A NT 2 (A)...n T~ (4)) > 0.

Theorem 2.4. (Furstenberg Multiply Recurrence Theorem) A measure pre-
serving transformation 7" on a measure space (X, S, u) is multiply recurrent
if for any integer k > 0, T' is k recurrent.

It turns out that despite the seemingly strong restriction, any measure
preserving transformation on a finite Lebesgue measure is multiply recurrent.
This is one of the major theorems in ergodic theory. Readers may refer to
the full proof in [7].

In this chapter, we will provide an example of an infinite measure pre-
serving transformation that is conservative(recurrent) but not 2-recurrent
and therefore is not multiply recurrent. This example demonstrates the dif-
ference between finite and infinite measure space in that a transformation
T in a finite Lebesgue measure space need not be multiply recurrent.

We note that in the literature, examples of infinite measure-preserving
transformations that are not multiply recurrent are shown in [6], [1], and
[4].

2.1. Construction. We show that the cutting and stacking transformation
T defined in [2] is recurrent but not 2-recurrent. Below details the construc-
tion of transformation.

Let the first column Cj be [0,1). We obtain column C,, 11 by cutting col-
umn C,, into r,, subcolumns. Then, place (2"»~* —1)h,, spacers on top of the
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FIGURE 4. Construction of T'.

ith subcolumn, i < r,. For the last subcolumn, place r,h, + Zgl;l(T"_i —
1)hy, = hny1/2 spacers. Then, stack the subcolumns with spacers from left
to right. Figure 2.1 describes the construction of 7. Note that the number
of levels below the last column spacers is r,hy, + Z:QII(QT"_i —1)hy,, which
is exactly the height of the spacers.

2.2. Recurrence Property of T'. We will give a proof that if ,, is bounded,
then T' is a conservative transformation.

Theorem 2.5. Suppose there exists a positive integer M such that r,, < M,
then the transformation 7" defined by the sequence 7, is conservative.

Proof. Given a measurable set A, since levels form a sufficient semi ring,
there exists a level I in some column C,, such that it is 1 — ﬁ full of A.
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Then, for each subinterval I™ ke {1,...,r,},
p(I A A) = (10 A) = p(| |1V 0 A)

i¢k
> (1= soou(D) — p(| ] 19)
i¢k
= (1= gy () = (= V(1)
= (1 - gr)u(I)
> %u(f[k])

That is, any subinterval is % full A. Since the distance between the (11 —1)
and p(I") is 2h,,, we have that

W(Te 10 1) > (1)
Thus, letting m = 2h,,
w(TmANA) > p(TmINT) —2u(I1\A)

> (1) 2 (1) = 0.

Therefore, the transformation 1" is conservative. ([l
Theorem 2.6. The transformation 7" is not 2-recurrent.

Proof. Note that the transformation is invertible and measure-preserving;
therefore, it is equivalent to consider the forward images instead of the
preimages in the definition of k-recurrence. Let A be the top level of a
column C,,. We will show that for any integer m > 0, ANT™(A)NT?"(A) =
0.

Keeping the same notation, let r, be the number of subcolumns of C,,.
Let A, ; where i =1,...,7, denote the copy of A in the ith subcolumn Chi-
First, we consider the case where m < h,1/2. Note that in this scenario,
T™(A) is still in the column C), as the height of the last subcolumn C,, ., is
hn+1/2. Therefore, A can overlap with 7" (A) only when

(4.4.3.1) A i NT™A,, NT* ™A, , # 0

for some ¢,i,7 € {1,...,m,}. It is clear that by our notation, ¢ < i < j.

We suppose for contradiction that there exists integers g, i, j such that
equation (4.4.3.1) is true. Note that the distance between the A, ; and A, j,
assuming ¢ < j, can be shown to be

J—1
4.4.3.2 2mn 7 2| - hy = d.
Z7]

p=1
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FI1GURE 5. Top level A of column C,,.

From the supposition that A, ; and T™(A,;) intersect, we have that
m = d}; so that T™(Ap ;) = Ay, ;. From A, ;N T?™(Ay,q) # 0, we also have
2m = dj . Both overlaps are possible only when 2d; = d’ . That is,

Jj—1 J—4q
2.2 T [N | py =2 | Y 2P ) L hy,
p=1 p=1

Jj—a J—i Jj—a
2- (> oy > oo =[N
p=1 p=j—q+1 p=1
i—q j—t
(4.4.3.3) S|tz Y 2] =0
p=1 p=j—q+1

which is a contradiction as all the terms on the left are nonzero. We conclude
that for m < hj,41/2,

(4.4.3.4) ANT™A)NT?*™(A) =0

Next, consider the case where hy,1/2 < m < hypi2/2. In column Cj 41,
observe that this distance between the top level of copies of A and the
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o | An,.r,,
2hy,
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F1GURE 6. Copies of A in column C41.

bottom level of copies of A is exactly hyp+1/2 — hy,. We will only need that
it is bounded by hy41/2. In C) 12, the copies of A are bands, whose width
are bounded above by h,41/2.

Top levels are separated from top to bottom by distance 2hy 12, 4hy 12,
and so on. (as is similar to previously in column Cy41.) Let Apt1 5, Apt14,
Ay 11,4 be the unions of copies of A, where j,i,q € {1,...,rp41} and j > i >
q. We call this structure a band, which implies that a copy of A in the given
subcolumn has more than one level. The distance between the top level of
band A, 1, and band A, 41 is

(4.4.3.5) dift =2 (2444 427 ha

The condition of m in order to have T (I) overlaps A is

(4.4.3.6) m e (d;jl Bt /2,0 4 B /2) .
Clearly,
(4.4.3.7) o9m € (zd;{jl — R, 2d7T hnﬂ) =R,

If it is the case that A NT™(A) NT?™(A) # (), the range of 2m needs to

overlap with the range R; = (d?;l - hn+1/2,d}131 + hn+1/2>. Then, the
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relationship between d?;rl and d?;rl is

j—q
d;.‘;l =2 - ng
p=1

' Jj—q-1
=270 hyiq -2 2p
p=0
' Jj—q—1
=2 g2 [ 1+ > 2P
p=1
A A Jj—q—1
— 27"n_] . hn+1 .9 + 27’7L_.7 . hn+1 .92. Z 217
p=1

(4.4.3.8) > 2N+ 2d)

We may write d%rl as d?;rl = 2hp41 + Qd?jl + § where § is nonnegative by
equation 4.4.3.8.
Then,

Ry = (d;{jl Bt /2.5 B /2)

— <2d}fj1 + 2hpi1 + 6 — hpt1/2, Qd?jl +2hp i1+ 6+ hn+1/2)
3 5
(4.4.3.7) = (2d§‘jl + hni1 +, 2454 + Shni1+ 5)

It is clear that R; does not overlap with Re. We conclude that for h,11/2 <
m < hn+2/27
ANT™(A)NT?™(A) = 0.
One can use induction to show that for any integer k£ > 0, for an integer
m such that h, /2 < m < hyipe1/2, ANT™(A) NT?*™(A) = (. The
argument is similar to what is presented for the case k = 1.
O

2.3. Cartesian Product of 7. It has been shown in [2] that if the growth
rate of r, is sufficiently large, T' x T is not a conservative transformation.
We present a detailed proof below.

Theorem 2.7. If 3°°° L < oo, then T x T is not conservative.

n=1 ry,

Proof. Suppose {ry} is a sequence of positive integers with each r; > 2 such
that > 77, % is finite. Then, there exists an integer n > 0 such that

1
Zﬁ<l'

k=n
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Let A be the top level of C,,. For k > n, let C}; denote the " subcolumn
of column Cj. Let Ay; = AN Cj,; denote copies of A in subcolumn Cj .
Let v = p x p be the product measure. For any [ < ri, the measure of a
rectangle Ay ; x Ay is

1 1
v (Agp X Agyg) = p(Agg) - p(Agg) = EM(A) : EM(A)'
Thus,
Tk 1
v <U(Ak,z X Ak,l)) =1p - V(Apg X Apy) = —p(A)>
1=1 Tk
Define

AXA (G@AleAkl>

k=nl=1
Note that the measure of FE is

_ i 2 1
V(E) =v(AxA)—v (kL:Jnl:Ul(Ak,z X Ak,l)) > p(A)"(1 - l; a) > 0.
We will show by induction that for any integer k > n,
(1) v(TxT)YENE)=0
for 1 <i < hy,.

For the base case (k = n), since A is a single level with C,, with spacers

of height at least h, and F C A x A, then
V(T xT)YENE)<v[(TxT)Ax AnN(Ax A)]=0
for all 1 <4 < h,,.

Next, suppose that v((T x T)'EN E) = 0 is true for 1 < i < hy, k > n.
We will show that (1) is true for hy < i < hgy.

Let [ be an integer and 0 < I < rg. Since we place spacers of height
(27~ —1)hy, on subcolumn C, 1. We can see that for hy, < i < (2=t —1)hy,
/L(Tl(Akyl)) NA,=0.

In addition, the number of iterations from the bottom level of subcolumn
C}, to reach the first spacer on the last subcolumn (Cj,, ) is

rp—1 re—1
Zh;ﬁ—z (2% = Dhy = (g — L4+ Dl + > 2% hy = (g — 1= 1+ Dy,
=l
T'kfl

= hg + hi Z okl
=l
k= -l k=T
=h h _ -
(T - )
= hy + 2"k~ H_lhk — 2hy,

= (27— 1)hy.
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Thus, u(T°Cy,; N Cx) = 0 for (2"+~H1 —1)hy, < i < H — hy, where H the
number of spacers in the last subcolumn. We can extend this result up to
t < hg41 as follow.

Consider the column Cy . For (2"~ —1)h, < i < H — hy, we have
that T"(Ck,l) is contained in the spacers on the subcolumn Cj . In Cjq,
the spacers become full levels, with additional spacers for column Cj, 1, with
height greater or equal to hj41 on top. Therefore, if (2"~ — 1)y, < i <
h41, T'(Ck,) is either in the spacers of Cj, or in those of Cj41. This implies

w(T'Cry N Cx) =0
for all i such that (27+~+1 — 1)hy, < i < hjpyq. Also, since Ay C Cyy and
Ak C Ck,
u[T Apy N Ag] = 0.
We conclude that if u(T°Cy; N Cg) > 0, then i < (27! — 1)hy, and i >
(2rk71+1 — 1)hg. Define I; = {hy < i < hgy - ,u(Tiijl N Cy) > 0}. Thus,
L (@ = Dhy, 2 = 1)hy),

Denote ((2"~! — 1)hy, (27~ — 1)) as J;. Let m be a positive integer
distinct from [. Assume without loss of generality that m > [. We can see
that

(2r =Mt )y < (277 — 1) Ry,

Thus, the intervals J; and J,,, do not intersect which implies I; N I,,, = () for
[ # m. Observe that

V[(T x T)(Cry % Crn) N (Ck x Ci)] = v[T"Chy x T'Cpy N Cp x Cy]
V[(T'Cry N Ck) X (T'Chn N C)]
= /L[TiCkJ N Ck] . ,u[TiCk,m N Ck]

Since [; N Iy, = 0, if p[T'Cr; N Ck] # 0, then u[T'Cy ,m N Ck] = 0. Thus,

V(T x T)'(Cry X Crm) N (Cr x Cy)] = 0.

Since Ay ; C Cy; and Ay C Cy, it follows that

(2) V(T x T) (Agy X Apm) N (A x A)] = 0.
Partition E into two parts as follow.

Tk
E=11EnN U AkJ X Aka L (E N U AkJ X AkJ) =F UEr"
l#£m =1
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Then,

V(T xTYE NE] =v[| (TxT) | | J Akt x Apm NE | | NE]
l#m

SI/[ (TXT UAleAkm ﬂE]

l#m
(EC AxA) <vl| U (T xT)' Ay x Apm) | N (A x A)
l#m
<Z TXT AleAkm) (AXA)}
l#m
(From (2)) =0.

Next, to show that v[(T' x T)'E" N E] = 0, consider v[E N (Ag; X A1)l
From definition, E = A x A\[Uz,, U2 (Ak; x Agy)]. This directly implies
that £ N Ak,l X AkJ = () and thus

I/[E N Ak,l X AkJ] =0

Then,
Tk
I/[(T X T)iE” N E] = I/[(T X jﬂ)z (E N U Ak,l X Ak,l) N E]
I=1
<Z (T x T)' (EN (Apy x Ax,)) N E]
= 0.
Therefore,

V(T x T)'ENE] =v[(T x T)(E'UE")N E]
=v[(TxT)EL(T xT)E")NE
=v[(T xT)'E'NEU(T xT)'E"NE]

(3) =0.

This holds for 1 <7 < hyy1. By induction, (3) is true for all ¢ € N. There
exists no integer ¢ such that v[(T x T)'E N E] > 0. Hence, T x T is not
conservative.

O

2.4. Zero Type.

Definition 2.8. A measure preserving transformation 7' is of positive type
if
limsup u(ANT "(A)) > 0.
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It is clear that a transformation of positive type is conservative.

Definition 2.9. A measure preserving transformation 7' is of zero type if
lim u(ANT"(A) =0
n— o0

for all A € S with u(A) < co. Note that a transformation need be
neither positive type nor zero type. However, in the case of ergodic invertible
transformations in which rank one transformations satisfy, it is the case that
they are either of positive or zero type. Readers may refer to [8] for proof.

Theorem 2.10. Let (X,B(X),u,T) be an invertible conservative ergodic
measure preserving transformation of positive type, then T x --- x T is of
——

d-times
positive type (and hence conservative) for all d > 1. [1]

For the transformation in which we are considering, 7' x T is not conser-
vative and hence, by Theorem 2.10, T is not of positive type. Since T is an
ergodic invertible rank one transformation, we conclude that T must be of
zero type.

2.5. Power Cartesian Product of 7. In [3], it has been shown that there
exists an infinite ergodic index transformation M that is of positive type and
therefore all cartesian products are conservative. However, M x M? is not
conservative.

We have show earlier that T is of zero type. In this section, we show that
with certain assumption of r,, T' x T2 is also not conservative.

Theorem 2.11. If > | Ti < o0, then the transformation T2 x T is also
non-conservative.

Proof. Since the series converges, we know that there exists an integer n > 0
such that

3 .1

p— Tk 2 '
Let A be the top level of C),. For k > n, let C,; denote the Ith subcolumn
of column Cy. Let Ay; = AN Cj,; denote copies of A in subcolumn Cj.

Let v = p x p be the product measure. Define

oo Tk
E=(AxA)\ (U U (A X g1 U Agm % Akvm)> .

k=n m=1
W(E) > u(4)? (1 -y i)
k=n

Note that the measure of E is positive due to our choice of n. We will show
by induction that for any integer k > n,

(1) v(T* x TY'ENE)=0
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for 1 <i < hy.

For the base case (k = n), since A is a top level in C,, and the spacers
have the height at least h,,, the distance between A,,; and A,, ;41 is 2h,, at
most. If 1 <1¢ < hy, then 2i < 2h,,. Thus,

(2) v[(T? x T)'ENE] < v[(T?* x T)'A x AN (A x A)] =0.

Next, suppose that v((T x T)'ENE) = 0 is true for 1 <i < hg, k > n.
We will show that (1) is true for hy < i < hgy1.

Let [ be an integer and 0 < [ < 7. Note that place spacers of height
(27~ —1)hy, on subcolumn Ch,1. We can see that for hy <i < (2=t —1)hy,
(T (Agy)) N Ag = 0.

In addition, the number of iterations from the bottom level of subcolumn
C},1 to reach the first spacer on the last subcolumn (Cy, ) is (2rs =L 1) hy.

Thus, u(T' Ay N Ag) = 0 for (2r- =t — 1)y, <4 < H — hy, where H the
number of spacers in the last subcolumn. We can extend this result up to
1 < hg4q as follow.

Consider the column Cj. For (2"~ —1)h, < i < H — hy, we have
that Ti(Ck,l) is contained in the spacers on the subcolumn Cj . In Ciyq,
the spacers become full levels, with additional spacers for column Cy41, with
height greater or equal to hy, 1 on top. Therefore, if (2" =1 —1)h;, < i <
hit1, TP(Cy,) is either in the spacers of Cy, or in those of Cy41. This implies

(T Ay N Ag) =0

for all i such that (2"+~*1 — 1Ay <i < hyyq.

We conclude that if u(T%Ax; N Ag) > 0, then i > (27! — 1)hy and
i < (27~ —1)hy. Thus, define I; = {hy, < i < hjqq : w(T A N Ag) > 0}
We have

I (27 = Dby, (2775 — 1)hy).

Denote (277! — 1)hg, (2"~ — 1)hy) as I]. In addition, let J,,, = {h; <
i< hgyq: ,u(TQiAkm N Agm) > 0.}. We have

rg—m+1 _ re—m-—+2 _
(2 5 1 . 2 5 1hk) _ ((QT’Cfm—%)hk, (2rk7m+1_%)hk) = 7/7171
We observe that I; overlaps J,,_1 only when l = m —1 and [ = m. In
addition, from definition, we have M(TQiAkmﬂAk,m) > 0 only wheni € J,,_,
and M(TiAk,l N Ag;) > 0 only when i € Ij. Thus, for [ # m,m — 1, either
one of u(T? Agm N Agm) or u(T Agy 0 Ay) is zero.

Since

I/[(T2 X T)i(Ak,m X Ak,l) N (Ak X Ak)] = M[T%Ak,m N Ak] . M[TiAk’l N Ak],

it follows that v[(T? x T)(Agm X A1) N (Ax x Ag)] =0 for I #m,m — 1.
Partition E into two parts as follow.

Jm—-1 C (

m=1

Tk
E=|EnN U Ak;,m X AkJ U (E N U (Ak,m X Ak,m U Ak,m X Ak,m—l)) = F'UE"
l#m,m—1
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Observe that both v[(T? x T)'E' N E] = 0 and v[(T? x T)'E" N E] = 0.
Therefore,

v[(T* x TY'ENE] =0
for for 1 < ¢ < hg4q. By induction, (3) is true for all ¢ € N. There exists no

integer 7 such that v[(T? x T)*ENE] > 0. Hence, T2 x T is not conservative.
(]
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3. POWER WEAK MIXING

We consider a family of cutting and stacking transformations such that
the number of subcolumns formed to generate the next column is fixed.

Definition 3.1. A transformation T is called power weakly mixing if for
any positive integer r > 0 and a given sequence of integers (ki, ko, ..., k),
the transformation TF x ---T* is ergodic. That is, for any sets A, B of
positive measure, there exists an integer m > 0 such that

w(AN (T x ... T*)™(B)) > 0.

3.1. Construction of a Power Weak Mixing Transformation. We
construct a class of transformations that can be shown to be power weakly
mixing given that some conditions are met.

First, start with column Cy = [0, 1). To form a column C,, 1 from C,, cut
the column into ¢ subcolumns where t > 3, denoted by C, 1, ..., Cy, ;. We put
a single spacer on the last subcolumn Cj, ;. We may place h,, spacers(tower
spacers) on top of some subcolumns; each construction can yield different
mixing property.

Note that if there are g towers, each of which has h,, spacers, the number
of subsections in Cy41 will be ¢ + q. Let ¢ denote t 4+ g. If I is a level in
column C,,, we will use the notation I*l = I n C.1: to denote the copy of 1
in the subcolumn C,, 4.

T

b,

| .

T

hn

L

FiGure 7. Construction of class of transformation 7" where
t = 4 and a tower is placed every second subcolumn C, .
This transformation has been proved to be power weakly
mixing in [5].

Column C,,

3.2. Power Weakly Mixing Property. Let T denote the class of transfor-
mation constructed above. We present conditions that imply power weakly
mixing property of 7.

Proposition 3.2. The transformation 7" with the following properties are
power weakly mixing:
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i) t>3.
ii.) Let I be a full level in column C,,. For k € {0,1,...,¢c— 1}, column
Cp1 contains at least one full level as a copy of T (I).
iii.) For any k € {1,...,c—1}, T*" (I) contains at least one crescent struc-
ture that occupies every level below I in the given subcolumn with
positive measure.

Let T be the transformation that satisfies all the properties in Propo-
sition 3.2. Lemma 3.3 to Theorem 3.7 outlines the proof that T is power
weakly mixing.

Lemma 3.3. Given measurable sets A, B C [[/_; X of positive measure
and € > 0, there exists rectangles I =11 X ... x [, and J =J; X ... X J,. in
a column Cj, of transformation 7" such that for each m € {1,...,r}, I, can
be either above or below .J,, and

v(INA)>(1—-er(),

and
v(JNB) > (1—¢ev(J).

Proof. Since a collection of rectangles form a sufficient semi-ring for the
product space, given € > 0, we can choose a rectangle I’ = I{ x ... x I/ such
that I’ is (1 — 5)-full of A. We may assume that I, are levels in the same
column Cj_;. In addition, we can choose J' = J{ x ...J, such that it is

(1 — %)-full of B. We may assume that .J;, are levels in Cj_; as well.
Consider copies of Cj_1 in the second and the fifth sections of Cj. To
have I,,, above Jy,, let I, be the copy of I]  in the fifth section in Cj and let
Jm be the second copy of J/ in Cy. Let I =1y x ... I, and J = Jy X ... J,.

It can be shown that I and J are (1 — ¢€) full of A and B respectively.
O

Lemma 3.4. (Double Approximation Lemma) Suppose A is a subset
of the product space [[;_; X with v(A) > 0. Let I = I; x ... x I, be
a rectangle in Cj that is (1 — €)— full of A. For n > [, the number of
copies of C; in C, is P, = "™ where c is the number of subsections formed
performed on C; to obtain C;;1. Let V,, index P, copies of C} in C),, and
let V=V(n,r) ="V, x ...V, (r times).

Then for a given ¢, 0 < § < 1, and for any 7,0 < 7 < 100(1 — ¢),
there exists an integer N such that for all n > N, there is a subset V" of
the index set V of size at least 7 percent of V such that for all element
v = (v1,...,0,) € V" I, is (1 =) full of A and each I, is of the form
I, = Il x ... I" where I is a sublevel of I, in the v{" copy of C; in Cj,
me{l,...,r}.

Proof. Redefine A as AN I. This is legitimate because we will only be
interested in I N A.
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Let t = 7/100. Since I is (1 —¢) full of A, p(I NA) > (1 — e)u(I).
Equivalently, pu(I\ A) < eu(I). We have that V,, = {1,...,P,} and V =
{vi,...,vp}vs € Vi ko Then, I =, ey Lo

Choose ¢ > %+ Pick N > [ so that for any n > N, there exists V' a

subset of the ingg; 6set V such that I' = (J, oy I, satisfies
v(I'\A) < %V(I).
Thus,
v(I'\I) < v(A\I') + v(I\A)
< gu(I) + ev(I)

(2o

Let V" be a set of indices v such that I, is (1 — §)—full of A. That is,
V'={veV'| v\ < év(l)}
and set I"” = |J,cy» I, the union of the (1 — §)—full subintervals. Then,

swI\I"y=ov| || L
veEV\V

= ZMU

veEV\V

< Y v(\A)

veV/\V

=v |_| I,\A

veV\V
<v(I'\A)
To compare the size of V" to V', we can consider the measure of I” and

1.

v(INI") < w(I'\I") + v(I\I)

< —v(I\A) +v(I\I")

— | = X

< EV(I) + (% +e)v(I)
< (1= (D)

Hence, more then 7 percent of subrectangles (I, where v € V") are (1 —4§)—

full of A.
]
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Lemma 3.5. Let I, J be levels of a column C,,, n > 0, with J below I. Let
d be the distance between I and J, that is, T9J = I. If k € {0,1,...,c—1},
then T*'» I contains a copy of I at least in one section of C,,; that is at

distance d from a copy of J in Cjp41.
Furthermore, if k& £ 0,

w(TH 10 J) >0

Proof. The first part is already satisfied by the definition in Proposition 3.2.
The second part is also an immediate result from 3.2(%ii) because there is a
copy of T¥' T that occupies every level below the level of I.
Therefore, for k # 0,
(T 11 J) >0
In fact, it can be shown that
t—qg—1

w(TH1 0 J) = .

wu(l) > 0.
([

Lemma 3.6. Let I and J be levels in column C),, n > 0, where J is below 1.
Let d denote the distance and let k be any integer such that 0 < k < (¢—1)d.
Then,

w10 ) > I).

d+k g 04
Proof. Write k in base ¢ as
k,/
k=Y ki
§=0
where k; € {0,1,...,¢— 1} and &’ = |log, k|.
Notice that hy41 = chy, + 1. Then,
Ihy =™ (hpyr — 1)
=~ 1hn+1 A1
= 2Ry gy — (07 + cj_Q)

:hnﬂ—(cj_l—i—...—l—cl—kco)

1 .
= hnij = — (¢ = 1)

Thus,
k/ ‘ k/ 1 kl '
khy, = z;)kjc?hn = z;k;jhnﬂ- - z;)kj(cﬂ —1)
J= J= J=

Note that

C_lzk: ch?—



20 ATHIWARATKUN AND SILVA

Let

ag = kphpyps
K —1

a]; = Z kjhn+j
j=0
% 1 '

ag :kaj (¢ —1)
j=2

Then, Tk = T(a0ta1—a2) T We first consider 7% 1.

T = TZf;Bl kihntj 1 — TZf;Il kjhn; (Tkohn I)

From the first part of Lemma 3.5, T%0" T is contains a full level in C),1.
Apply Lemma 3.5 repeatedly, we conclude that T}, I is contains a full level
I’ in Cn+k"

By the second part of Lemma 3.5,

t—qg—1
td

w(I)

p(T*(T )N J) > p(T*(I') N J)
t—qg—1
R e
1 1
2 WM(I) 2 WM(I)-

t—q—1 1
D)

Finally, T—9(T%(T*I)) moves the subcrescent down at most C_Ll <d
levels. Therefore, the subcrescent of I that has been translated down at most
d levels still intersects the copy of J. The lower bound for the intersection
still holds.

O
Theorem 3.7. The transformation 7" is power weakly mixing.

Proof. We'll show that for any r € ZT and any sequence of non-zero integers
{ki,...,k.}, the transformation T, x ... x T}, is ergodic.

Let K = max{|k;|}. Let A, B C [];_; be measurable sets with v(A) > 0
and v(B) > 0. By Lemma 3.3, choose rectangles I = I x ... x I, and
J=Jy x...x J,such that

v(ANI) > 21/(]),

W(BNJ) > %uu),

and I, J,, where m € {1,...,r} are all in the same column Cj, and if
k., is positive, choose I, and J,, in the higher and lower sections of C;
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respectively, and if k,,, is negative, choose I,,, and .J,;, in the lower and the
higher sections of Cj respectively.

We assume without loss of generality that K < C;clhl. Let d; be the
distance between I; and J; for all 4, and let d = max{d;}. Since d > h;/c, it
follows that K < (¢ — 1)d. Choose 4 so that

0 LY

By the Double Approximation Lemma, choose I’ = I] x ... x I/ such that I’
are (1— g) full of A. Suppose that I], are levels in column C,,,. In addition,
apply the Double Approximiation Lemma to obtain J' = J{ x ... x J] such
that J' are 1 — % full of B. Suppose J], are levels in column C,,. Let
n = max{ns,ns}. It follows that I’ and J' where I, J] are in column C,,
are still at least (1 — %) full of A and B, respectively.

Since the Approximation Lemma guarantees that there are at least 75%
of copies with the properties aforementioned, we can choose a common
Cj—copy so that I, and J), are in the same column. Hence, the distance
between I/, and J/, is still d,,,. Let H = hy,.

For all positive k,,, by Lemma 3.6,

. 1 1
w(THH L, ) > WMI’%) 2 Wﬂ(ﬂn)

Similarly, for all negative k,,, by Lemma 3.6,

p(THHL, 000 = p@, VTR > e n(T) 2 el

Therefore,

k1 kr\ 1/ ! 1 " /
V((T ... xT )ImJ)z(W v(I')

Let ' =TF x ... x Tk . Relabel A to be ANTI and B to be BN .J, we
have

v(FYANB) > v(FT (I N J) — v(FT(I)\A) — v(J\B)

1 " /! 5 ! 5 !
due to our choice of §. Hence, T" x ... x T* is ergodic and T is power
weakly mixing.

O
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